In this paper, non-Darcy flow and natural convection over a vertical cone embedded in a porous medium saturated with a nanofluid is studied using the Forchheimer-extended Darcy law. The model used for the nanofluid incorporates the effects of Brownian motion and thermophoresis. An analytical technique, similarity solution method, is used to convert the governing equations into a set of ordinary differential equations, and then numerically solved using the finite difference method. The effect of non-Darcy parameter and nanofluid parameters on the velocity, temperature, and nanoparticles volume fraction profiles, as well as on the two important parameters of heat and mass transfer, i.e., reduced Nusselt and Sherwood numbers, are discussed. The results show that an increase in the non-Darcy parameter decreases the velocity profiles, whereas it would increase the temperature and concentration profiles. Simulation results also show that an increase in the non-Darcy parameter would decrease the reduced Nusselt and Sherwood numbers, whereas an increase of Lewis number would increase the reduced Nusselt and Sherwood numbers. 
MPROVING the performance of cooling systems is essential to many industrial applications, for example, high performance cooling systems where energy-efficient heat transfer fluids are required. However, inherently low thermal conductivity of fluids is a primary limitation in developing highly efficient cooling systems. Nanofluids were recently introduced to resolve the latter limitation [1] . Nanofluids are produced by suspending nanoparticles, metallic or nonmetallic particles of nanometer dimensions, in traditional heat transfer fluids such as water, oil, and ethylene glycol. In fact, a very small amount of uniformly dispersed guest nanoparticles can dramatically improve the thermal properties of host fluids [1] .
The analysis and simulation of natural convection in saturated porous media has many important engineering and geophysical applications. For example, the prediction of natural convection heat transfer characteristics from heated bodies embedded in a porous medium is crucial to the design of canisters for nuclear wastes disposal [2] .
An inevitable part of any convection heat transfer analysis within porous media is the effect of fluid flow within the media. Fluid flow in porous media is governed not only by the magnitude of the potential gradient across the media but also the drag forces experienced by the fluid within the porous media. Generally, there are two main types of drag forces against fluid flow in porous media: 1) surface drag (friction), and 2) form drag (due to solid obstacles).
The Darcy equation in its simple linear form [3] ∇P
accounts for the surface drag only. That is why Darcy equation is valid only at small enough flow rates owing to the fact that at very low velocities, i.e., Reynolds number < 1, form drag is much less than surface drag and thus can be neglected. Here, V is superficial velocity, K is effective permeability, and P and μ are the pressure and dynamic viscosity of the flowing phase, respectively. For higher velocities, i.e., Reynolds number > 1, drag force becomes comparable to the surface drag. Forchheimer added a modification term to Darcy equation to account for the pressure drop due to the form drag [3] , which was ignored by Darcy. The Forchheimer-extended Darcy equation is as follows,
where c F is a dimensionless form drag constant, and ρ f is the density of the flowing phase. Forchheimer equation considers two contributions to the pressure drop: 1) surface drag and 2) form drag. The linear part of the equation (the first term on the right hand side) accounts for the surface drag pressure drop. The form drag pressure drop is described by the nonlinear term known as the Forchheimer term. The problem of natural convection around a cone embedded in a porous medium at high Rayleigh numbers has been numerically analyzed by Cheng et al. [2] . Yih [4] numerically investigated the effect of uniform lateral mass flux on natural convection around a cone embedded in a saturated porous medium using Keller box method. He found that the mass flux parameter has a more significant effect on the local Nusselt number for constant surface temperature case than that of a constant heat flux case. Moreover, the radiation effect on mixed convection across an isothermal cone in porous media was investigated by Yih [5] . Yih [5] reported that an increase in the radiation parameter would increase the local Nusselt number. Grosan et al. [6] studied a free convection boundary layer over a vertical cone embedded in a porous medium saturated with nonNewtonian fluid subject to internal heat generation using a finite difference method. They showed that the local heat transfer would decrease with the presence of a heat generation source within the porous medium. Likewise, Ramanaiah and Malarvizhi [7] studied the free convection about a wedge and a cone subjected to mixed thermal boundary condition. Later, Chamkha et al. [8] investigated the steady free convection flow over a truncated cone embedded in a porous medium saturated with pure or saline water at low temperatures. Sohouli et al. [9] analyzed the problem of natural convection of Darcian fluid across a vertical full cone embedded in porous media using the Homotopy analysis method. The natural convection heat and mass transfer from a vertical truncated cone in a porous medium saturated with a non-Newtonian fluid has been investigated using cubic spline collocation method by Cheng [10] . The important finding of the study of Cheng [10] was that the heat transfer would decrease with an increase of power-law index of the fluids. In another work Cheng [11] studied the Soret and Dufour effects on natural convection from a vertical cone in a porous medium. Most of the mentioned studies (Cheng et al. [2] , Yih [4] , Grosan et al. [6] , Chamkha et al. [8] and Cheng [10, 11] ) have considered the fluid flow in porous media as a Darcy flow. However, some studies in the literature considered the non-Darcy flow in porous media. Vasantha et al. [12] considered the problem of non-Darcy natural convection over a slender vertical frustum of a cone in a saturated porous medium. They solved the system of equations using a finite difference scheme. Later, a unified similarity transformation for free, forced, and mixed convection in Darcy and non-Darcy porous media was analyzed by Nakayama and Pop [13] . Prior to that work [13] , Nakayama et al. [14] had proposed an integral treatment to analyze non-Darcy free convection over a vertical flat plate and cone embedded in a fluid-saturated porous medium. They reported a good agreement between the results of their proposed method with the exact solution. They also showed that increase of Forchheimer term tends to increase the dimensionless temperature while decreasing the local Nusselt number. Cheng [15] studied the non-Darcy natural convection heat and mass transfer from a vertical wavy surface within a saturated porous medium and reported that increasing the modified Grashof number would decrease the heat and mass transfer rate.
Convectional fluid flow and heat transfer via natural convection over embedded bodies in porous media are extensively discussed in the literature. However, few studies have been performed on flow and heat transfer of nanofluids. Specifically, nanofluid heat transfer in porous media is an area that certainly demands further studies.
Mixed convection boundary-layer flow from a vertical flat plate embedded in a porous medium filled with nanofluids was studied by Ahmad and Pop [16] . Later, Hady et al. [17] investigated the natural convective boundary-layer flow from a vertical isothermal cone embedded in a porous medium saturated with a nanofluid. However, both models incorporated only the nanoparticle volume fraction parameter.
The boundary-layer flow in the porous media saturated with a nanofluid has recently been analyzed by Nield and Kuznetsov [18] . Their nanofluid model employs the Darcy model and incorporates the effect of Brownian motion and thermophoresis. They reported that the variation of the Brownian motion and thermophoresis parameters affect the reduced Nusselt number. Following the work of Nield and Kuznetsov [18] , Gorla et al. [19] as well as Rashad et al. [20] studied heat transfer enhancement of nanofluids over embedded bodies for Darcy flows.
The objective of the present paper is to analyze the steady natural convection flow of a nanofluid past an isothermal vertical cone embedded in saturated non-Darcy porous media. The nanofluid model, used in the present study, incorporates dynamic effects of nanoparticles including Brownian motion and thermophoresis. A similarity solution depending on the buoyancy ratio parameter (Nr), Lewis number (Le), Brownian motion parameter (Nb), thermophoresis parameter (Nt), and non-Darcy parameter (ND) is obtained. The dependency of the local Nusselt and Sherwood numbers on these five parameters is numerically investigated.
II. Mathematical Formulations
Consider the two-dimensional steady natural convection boundary-layer flow past along a vertical full cone placed in a nonDarcy porous medium saturated with nanofluid. The cone surface is imposed to a constant temperature T w . The coordinate system is chosen such that the x axis is aligned with the flow on the surface of the cone. A schematic of the physical model and coordinate system are shown in Fig. 1 . As shown in Fig. 1 , there are three distinct boundary layers namely, the hydrodynamic boundary layer, the thermal boundary layer, and the nanoparticle concentration boundary layer. It is assumed that the nanoparticle volume fraction (φ) at the wall surface (y 0) has a fixed value of φ w . The ambient values of T Fig. 1 The physical model and the coordinate systems used to model convective heat transfer around a vertical cone embedded inside a homogeneous porous media saturated with a nanofluid.
and φ, as y tends to infinity, are denoted by T ∞ and φ ∞ , respectively. The flow in the porous medium, with porosity ε and permeability K is considered as non-Darcy flow, and the Oberbeck-Boussinesq approximation is applied. Furthermore, it is assumed that the porous medium is homogeneous and in local thermal equilibrium.
Applying the standard boundary layer approximations, the steadystate conservation of total mass, Eq. (3), momentum, Eq. (4), and energy, Eq. (5), as well as conservation of nanoparticles for nanofluids, Eq. (6), are as follows [3] and [18] ,
α m and τ, in the preceding equations, are defined as:
Based on the problem description, the boundary conditions are:
It is assumed that the thermal boundary layer is thin; therefore, r can be approximated by the local radius of the cone. Equations (4a) and (4b) are simplified using cross-differentiation, and the continuity equation will also be satisfied by introducing a stream function, (ψ):
The governing differential equations, Eqs. (3-6), are then reduced to the following three equations: 
Here, the local Rayleigh number (Ra x ) is defined as:
By introducing the similarity variable η as,
and the dimensionless similarity quantities S, f, and θ as,
and also by considering the local radius as r x sin γ (17)
Equations (11-13) can be written as three ordinary differential equations, Eqs. (18) (19) (20) ,
subject to the following boundary conditions,
Where:
Two important heat transfer parameters, the local Nusselt number (Nu x ) and the local Sherwood number (Sh x ), are defined as [20] :
where q w and q m are the wall heat flux and mass flux, respectively.
Using
x Nu r −θ 0 0 (25)
x Sh r −f 0 0 (26)
III. Solution
The system of Eqs. (18) (19) (20) subject to the boundary conditions, Eq. (21), is numerically solved for various ranges of Nr, Nb, Nt, ND, and selected values of Le. The numerical results were obtained using finite difference method based on collocation points and Newton's method [21, 22] . Highly accurate solutions, with a relative tolerance of 10 −6 , were achieved using an adaptive mesh scheme. An important criterion for the success of this numerical approach is to choose an appropriate finite value of η ∞ . Thus, in order to estimate the realistic value of η ∞ , the solution process begins with initial guess value of η ∞ 6, and the Eqs. (18) (19) (20) are solved subject to the boundary conditions, i.e., Eq. (21). The solution process is repeated to update value of η ∞ until further changes (increment) in η ∞ does not lead to any changes in the values of results or, in other words, the results are independent of the value of η ∞ . Figure 2 shows the effect of variation of η ∞ on the reduced Nusselt number and reduced Sherwood number. In this figure, the finite value of η ∞ is chosen to be in the range of 4 < η ∞ < 10, which is in accordance with the standard practice in the boundary layer analysis. This figure depicts that as the finite value of η ∞ increases, the reduced Nusselt number and the reduced Sherwood number tend to become a fixed value. It is found that for small values of non-Darcy parameter, i.e., ND 0, 0.1, 1, the finite value of η ∞ is 6, for medium value of non-Darcy parameter, i.e., ND 10, the finite value of η ∞ 10 and for large value of non-Darcy parameter, i.e., ND 100, the finite value of η ∞ 12 are comparatively adequate to obtain an accurate solution.
By neglecting the effects of thermophoresis, Brownian motion, buoyancy ratio parameters (Nt Nb Nr 0) and non-Darcy effects (ND 0), in the model of present study, we simulate a pure fluid case, which was also studied by Cheng et al. [2] and Yih [4] . The latter results are then used to evaluate the accuracy of present solution. The value of −θ 0 0 is calculated as 0.7685 in the work of Cheng et al. [2] , and 0.7686 in the works of Yih [4] , although we obtained this value as 0.76859 in the present work. Furthermore, the temperature profile of the present solution is compared with the results of Yih [4] in Fig. 3 . The obtained value of −θ 0 0 as well as the results of Fig. 3 show excellent agreement between the results of present study and the results reported by Yih [4] and Cheng et al. [2] .
IV. Results and Discussion
In the present study, the values of non-Darcy parameter (ND) are chosen to be in the range of 0 < ND < 10 to clearly show the effect of this parameter on the dimensionless velocity, temperature and concentration profiles as well as reduced Nusselt and Sherwood numbers. Most nanofluids reported in the literatures have large values of Lewis number, i.e., Le > 1 [18] [19] [20] 23, 24] . Hence, the selected values of Le 10 and Le 25 are used here. The same values of Nr, Nb, and Nt as those adopted by Rashad et al. [20] are used in the present study. The latter values allow us to evaluate the effect of nonDarcy parameter (ND), compared to the work of Rashad et al. [20] , who neglect the non-Darcy effect in modeling natural convection boundary layer of a non-Newtonian fluid about a permeable vertical cone embedded in a porous medium saturated with a nanofluid.
The main parameter of interest in the present study is the heat transfer enhancement of nanofluids. Therefore, the results of reduced Nusselt number are shown in Table 1 . The values are reported for a selected combination of Nt, Nb, and Nr and four values of nonDarcy parameter (ND 0, 0.1, 1, and 10) when Le 10. Table 1 shows that an increase in Brownian motion parameter would decrease Figures 4-6 show the influence of the non-Darcy parameter (ND) on the dimensionless velocity, temperature, and concentration profiles, respectively. In these figures, the values of four other parameters namely Nr, Nb, Nt, and Le are fixed. As seen, the increase of nonDarcy parameter would decrease the velocity profiles. Conversely, the temperature and concentration profiles increase with the nonDarcy parameter ND. The reason for this behavior is that increasing the non-Darcy parameter, i.e., Forchheimer term, would also increase the pressure drop associated with form drag. This means that, assuming the velocity is fixed, a system with a larger Forchheimer's coefficient exhibits a larger pressure drop due to form drag forces. Equivalently, for a fixed-pressure gradient, when the non-Darcy parameter, i.e., Forchheimer term, increases, velocity would decrease. This dependence between Forchheimer term and velocity is also observed in Fig. 4 . This figure shows that an increase in Forchheimer parameter decreases the magnitude and curvature of the velocity profiles in near-wall regions. However, the boundary layer thickness increases with the Forchheimer parameter. When velocity decreases, convective heat transfer coefficient also decreases; consequently, the decreasing in convective heat transfer coefficient would lead to less heat dissipation, and thus the temperature would rise. Figure 5 obviously exhibits an increasing temperature profile as the non-Darcy parameter is increased. Furthermore, increase of the non-Darcy parameter increases the concentration profile as shown in Fig. 6 . Such behavior was also reported by Cheng et al. [25] where they performed an experimental study of non-Darcian effects on free convection in a saturated porous medium. Moreover, the increase in Table 1 the non-Darcy parameter has a significant effect on the shape of velocity, temperature, and concentration profiles. As Figs. 4-6 obviously show, the curvature of velocity, temperature, and concentration profiles are reduced by increase of the non-Darcy parameter. The Brownian motion parameter can be described as the ratio of nanoparticle diffusion due to the Brownian motion to the thermal diffusion within a nanofluid. Based on the Einstein-Stokes equation [26] , the Brownian motion diffusion is inversely proportional to the particle diameter [26] . Hence, as the particle diameter decreases, the Brownian motion diffusion increases.
The Brownian motion parameter can be increased by either increasing the difference between nanoparticle volume fraction at the wall and that in far field, or increasing the Brownian coefficient parameter for a specific porous medium, base fluid type, and nanoparticle type. Increase of Brownian motion parameter increases the nanoparticle diffusion, which would increase the dimensionless velocity profiles.
Thermophoresis parameter (Nt) is defined as the ratio of nanoparticle diffusion due to the thermophoresis effect to the thermal diffusion within a nanofluid. The difference between the momentums that a solid particle receives from hot and cold fluid atoms, owing to a temperature gradient, results in a net force that is known as thermophoresis force [27] . Buongiorno [26] has reported that solid nanoparticles within a nanofluid experience a force in a direction opposite to that of the imposed temperature gradient. Therefore, the nanoparticles tend to move from hot to cold. The obtained results show that increase of Nt increases the magnitude of velocity, temperature, and concentration profiles. However, the increase of velocity profile is not significant. The atoms that are near the hot wall carry more momentum than those far from the wall, i.e., colder regions. Therefore, it is expected that increase of Nt increases the force on the nanoparticles away from the hot wall and thus increases the diffusion of nanoparticles within the nanofluid. The increase of thermophoresis force increases the diffusion of nanoparticles into the nanofluid and consequently increases the non-dimensional velocity profiles. The thermophoresis parameter is independent of particle diameter in the case of particles with very small size [26] . As Nt increases the non dimensional temperature due to heat transfer increases.
The Increase of non-Darcy parameter decreases the magnitude of temperature gradient on the wall surface. As mentioned earlier, the increase of non-Darcy parameter decreases the velocity, and thus it decreases the reduced Nusselt number (Figs. 7 and 8 ). This is in good agreement with the reported results by Cheng et al. [25] . They have experimentally found that non-Darcian effects tend to decrease the heat transfer and increase the temperature distribution in a porous medium [25] .
Figures 9 and 10 depict the variation of reduced Sherwood number for different values of Nt and ND for two cases of Le 10 and Le 25, respectively. These figures depict that increase of nonDarcy parameter decreases the magnitude of reduced Sherwood number. On the other hand, the variation of thermophoresis parameter does not exhibit a significant effect on the reduced Sherwood number. Increase of Lewis number, however, increases the magnitude of reduced Sherwood number. Increase of non-Darcy parameter decreases the magnitude of concentration gradient on the wall surface, which in turn results in the decrease of reduced Sherwood number (Figs. 9 and 10 ).
V. Conclusions
A combined similarity and numerical approach is used to theoretically investigate the natural convection about a vertical cone embedded in a nanofluid saturated porous medium using the Forchheimer-extended Darcy equation. The concentration gradient due to thermophoresis and Brownian motion is also taken into account. The results of present study are as follows:
1) Increase of non-Darcy parameter increases the temperature and concentration profiles but decreases the velocity profile.
2) Increase of non-Darcy parameter decreases the reduced Nusselt number and the reduced Sherwood number.
3) Increase of thermophoresis parameter decreases the reduced Nusselt number, but it does not have a significant effect on the reduced Sherwood number. 4) As Lewis number increases, the magnitude of the reduced Nusselt and Sherwood numbers would also increase.
5) The increase in the non-Darcy parameter has a significant effect on the shape of velocity, temperature and concentration profiles. It is found that the curvature of the velocity, temperature, and concentration profiles is reduced by increase of non-Darcy parameter.
